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Shaping a plant root into an ideal structure for water capture is increasingly
important for sustainable agriculture in the era of global climate change.
Although the current genetic engineering of crops favours deep-reaching
roots, here we show that nature has apparently adopted a different strategy
of shaping roots. We construct a mathematical model for optimal root length
distribution by considering that plants seek maximal water uptake at the
metabolic expenses of root growth. Our theory finds a logarithmic decrease
of root length density with depth to be most beneficial for efficient water
uptake, which is supported by biological data as well as our experiments
using root-mimicking network systems. Our study provides a tool to
gauge the relative performance of root networks in transgenic plants engin-
eered to endure a water deficit. Moreover, we lay a fundamental framework
for mechanical understanding and design of water-absorptive growing
networks, such as medical and industrial fluid transport systems and soft
robots, which grow in porous media including soils and biotissues.

1. Introduction

Human civilization is fundamentally dependent on green plants which provide
a vital link between solar radiation and metabolically accessible energy. Enhan-
cing plant yield is increasingly important in an age of continued population
growth, shortage of arable land, and dramatic changes in both local weather
patterns and planetary climate conditions. Intensive research over the past dec-
ades has focused on particular aspects of plant productivity, such as
enhancement of photosynthetic yield and disease resilience. However, the
majority of the approaches have made only limited success due to a lack of
comprehension of the inherent complexity of plant physiology [1-4]. While sig-
nificant advances have been made in understanding and manipulating
photosynthesis of sugars in leaves, the co-limiting processes of root water
uptake as surrounded by a porous medium of soil have received markedly
less attention, and as a result are still poorly understood.

Plant roots supply water to compensate for water loss via transpiration in the
leaves while consuming the photosynthates produced by the leaves. Insufficient
water supply may cause stomata closure and thus limit carbon dioxide uptake.
By developing a conduit network, plant roots can secure sufficient water from
a significant volume of the adjacent soil. However, the construction of the root
branch is energetically costly due not only to carbon consumption but also to
the resistance against the penetration of the soil. This naturally leads the plants
to seek an optimal root design for cost-effective water absorption [5-10]. The
root design is thus expected to be subject to evolutionary pressures [11].

Researchers have extensively studied the optimal design for water uptake.
The design parameters of the root architecture for optimal water uptake that
have been investigated to date include lateral branching density [5], topology
[6], root hydraulics [7-9] and branching angle [10] for efficient water
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Figure 1. Plant roots. (a) A photograph of a rice plant (Oryza sativa). (b) A
schematic illustration of the root. (c) Water flow in the region between the
red broken lines in (b). Half the inter-root distance s(z) is given by
s(2) = (zL,)~"2. (Online version in colour.)

acquisition. Fitter et al. [6] employed graph theory [12] to ana-
lyse the effects of the root topology on water uptake.
Landsberg & Fowkes [7] developed a mathematical model
for the minimization of the cost of water transport in xylem,
thereby deducing the optimal length of a single root. Ho
et al. [10] addressed the importance of the root branching
angle considering the availability of heterogeneous soil
resources including nutrients (e.g. water, nitrogen and
phosphorous) and the cost of inter-root competition.

An extensive dataset of root lengths for many crops indi-
cate that the root length density, defined as the root length
per unit volume of soil decreases with depth [13,14] as
shown in figures 12 and 2. However, the physics behind the
observations have been elusive. How a root system is distrib-
uted in soil significantly influences the amount and rate of
root water uptake. While the initial uptake rate in each soil
layer may increase with the number of roots, the water in a
highly populated layer is rapidly depleted causing a decrease
in the uptake rate in the long run. A root system, thus, is
forced to explore a deeper region, in which more water is
available, at the expense of the high cost of construction.
That is, a root system seeks a vertical distribution that can bal-
ance the benefit and cost of root construction at each soil
layer, resulting in the characteristic profile over depth.

Assuming that the plant roots have evolved network struc-
tures to effectively secure water, here, we rationalize the optimal
length density distribution of plant roots by considering the
benefits of water uptake and the metabolic cost for a root
system [15] taking over 50% of daily photosynthetic products
[16,17]. It is supported by the measured root length density
distributions of various plants [13,14,18,19] and by our
experiments using artificial root networks. The results not
only elucidate the biomechanical design principles of the root
architecture but also help one to build effective fluid transport
systems through porous media, such as bioscaffolds [20,21],
porous reactors [22,23], filters [24,25] and soft robots [26,27].

@ Ly
0 1 2 3 4 5 6
0 ' ' ' ' (]
0.1 &Ho o
@ Wwheat
0.2 O @ maize
o Dbarley
0.3 o fescue
O soyabean
0.4 optimal
¢ 0.5
0.6
0.7
0.8 @3
09 g
1.0 4
() Ly
0 1 2 3 4
()
€=0.1%
107! ¢ 1%
2%
o 1 5%
L
1
e fibrous root systems
O tap root systems
o transgenic groundnut

1

Figure 2. (a) Normalized root length density distribution of various plants as
a function of normalized depth. The solid line corresponds to the theoretical
optimum distribution. Inset: dimensional raw data of the root length density.
(b) Comparison of normalized root length density of different types of root
systems (fibrous and tap root systems, and transgenic groundnut). Normal-
ized root length density data are plotted on a logarithmic scale in the
Z7*-axis. Regions of different colours correspond to the varying degree of devi-
ation (€) from the optimal curve denoted in percentage (see equation (9.1)).
Ly of fibrous root systems lies within the 1% range. Ly of transgenic ground-
nut deviates severely (by approx. 25%) from the optimum curve especially in
deep layers. The data of transgenic groundnut correspond to the average
values for six different transgenic treatments with the error bar indicating
the standard deviation. Data are available in electronic supplementary
material, dataset ST and references are listed in table 1 in appendix C.
(Online version in colour.)

2. Root water uptake

In this article, we simplify the architecture of a real root
system to one with a set of parallel root fibres having an iden-
tical diameter to that shown in figure 1b. This idealization is
most appropriate for fibrous root systems, but can also hold
for a part of tap root systems with low number of branching
generations, low branching density, and uniform diameter
throughout the entire root system. For root structures with
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a specific purpose such as nutrient storage in tubers, the
simplification may not be applied.

The vertical distribution of roots is typically quantified
with the root length density [28], L,. Figure 1b,c shows a sche-
matic of roots with an inter-root distance of 2s at a specific
depth z, so that L, is inverse of the area [29], L, =1/ (7s?). A
single root with a unit length absorbs water contained in a
soil volume of 7zs”.

The water flux through the soil is driven by the gradient
of water potential which is associated with osmosis, gravity,
mechanical pressure and capillarity. For the soil partially
saturated with water, the water potential gradient is known
to be equivalent to the water content gradient because less
water content entails the water—air interface with a higher
curvature [29]. Given that the root grows mostly in the verti-
cal direction (figure 1), the water potential gradient
is assumed to be established horizontally. The local water
transport in the soil around a single root element is given
by the one-dimensional diffusion equation [29]

0_DO (,00) o
ot ror\ or

where 6(r, t) is the local water content at time ¢, D is the water
diffusivity of the soil and r is the radial distance from the
central line of the cylindrical root.

Equation (2.1) can be solved with the relevant initial and
boundary conditions. The water potential inside the root
xylem changes little during the water uptake under the
assumption of a steady transpiration rate in the leaves.
Owing to the relatively negligible resistance in the conduit
of the root, the pressure in the root xylem remains approxi-
mately uniform. We assume that the transpiration rate
during the daytime is fixed so that 6(r,, t) = 6, with the con-
stant water content, 6,, at the entire root surface, r=r,. The
symmetry condition in the region between two single roots
yields 060/0r|,_, = 0. The initial condition is given by the
initial water content of the soil 6;, so that 6(r, t =0) = 6;.

Non-dimensionalizing equation (2.1) yields

00 10 (. 06
which is subject to the dimensionless initial and boundary
conditions: (7, t=0)=1, (¢ =1,1 =0 and 90 /07|,_, = 0,
where 6 =(0—6,)/(6; — 6,), 7= —5)/(r,—s) and t=
Dt/(s — r,)* ~ Dt/s? as s>>7,. The solution of equation (2.2)
is given by

oG, b =2 ; A]O](?()T)) exp (— A2D), (2.3)
where J;(r) is the Bessel function of the first kind with order i,
and A, is the nth zero of Jy(7).

For t> )\;1/ ’, the time-dependent terms with n>1
vanish (e.g. exp(— A3/A?) =~ 0.005) because exp(— A2 <
exp (— A2/A%) ~ 0. Thus, 6 can be approximated as

e 3y 2Jo7)
66,4 = MJ1(A1)

exp (— A%h). 2.4)

The mean water content at time f, defined as
0@ = [y 0, brdp/ [) #d, is given by

6 = Z%exp - 2H~ %exp (— A%D). (2.5)
n=1"n 1

Equation (2.5) implies that the mean water content 6, or [ 3 |

the amount of water around a single root, decreases exponen-
tially with time. We write the dimensionless amount of water
uptake as

60)— () s XD
T 1—expAH =1~ exp(—;—zt). (2.6)

Here, ¢ represents the fractional amount of water uptake to the
available water content, often referred to as proportional water
capture [30]. Using the relation between the root length density
L, and the half distance between adjacent roots s, L, =1/ (7s?)
(figure 1c), ¢ is reduced to ¢ = 1 — exp (— mA2DLyt). ¢ at time
t=T is often expressed as

¢=1—exp(kLy), .7)

where k = mA?DT ~ 18.2DT is referred to as the resource
capture coefficient [30-33].

The resource capture coefficient, k, represents the ability of
the root to capture water for T, a time interval for which a
plant absorbs water while decreasing soil water content. The
time interval T is typically defined as a half the duration
between the maximum and minimum soil water content consid-
ering that root water uptake occurs in the daytime [34]. The
lumped variable k includes the effects of the diameter and con-
ductances of the root as well as properties of the surrounding
soil.

Because we simplify a root system as a bundle of root
fibres having a uniform diameter and assume k as a constant,
it is the vertical distribution of root length density, L,(z), that
determines water uptake as shown in equation (2.7). The
exponential saturation of the water uptake in equation (2.7)
suggests that an excessive increase in root length density in
a soil layer yields only marginal gain in water uptake for a
given time T. We define the proportional water capture of
the entire root system with a depth of h as &= fg ¢dz,
which represents the volume of water uptake per unit area.

3. Optimization problem
3.1. Model description

An optimal length density distribution of a root system would
maximize the total water uptake for a given cost. Thus we seek
to find L(z) that maximizes & = fg 1 — exp (— kL) dz subject
to a constraint related to the construction cost.

We first estimate the metabolic cost for a root system.
During the root elongation, mechanical stress affects the
elongation process in a complex manner. The increase in
the force required to deform the soil not only suppresses
the elongation directly but also perturbs the turgor pressure
[35], the cell wall extensibility and yield threshold [36]. As
a result, morphological [36] and metabolic [37] characteristics
of roots change in response to the mechanical stress. The
metabolic cost to form a root element by unit length is
higher in the deeper soil layers because of the high mechan-
ical stress [37]. As the mechanical stress of soil linearly
increases with depth [38,39], we estimate the metabolic cost
for a root system with L, as

h
W= J 2zl dz, 3.1
0

where a signifies the metabolic cost required for the root with
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Figure 3. (a) Schematic illustration of the experimental set-up. The inner structure of the artificial root is shown in the dashed box. Water absorbed from the porous
surrounding flows axially in the root through the seven internal conduits (red circles). (b) Temporal change of the absorbed water mass M,, for various numbers of
root threads, N =1, 4, 9 and 16. The curves represent the least-square fitting curves, M,, = M;,[1 — exp (— 18.2D L,t)]. (c) The linear dependence of the values of

measured DL, on L. (Online version in colour.)

Ly =1/ to grow from the top soil layer of unit area to the unit
depth. We note that a depends on frictional force of soil [38]
and energetic costs of physiological processes affected by the
mechanical stress of soil [35-37,40]. The depth z in the inte-
grand corresponds to a weighting factor considering the
increase of metabolic cost with depth.

We now seek a distribution of root length density that
maximizes the proportional water capture @ at a given cost
budget W. By solving the optimization problem built upon
the Euler-Lagrange equation, we obtain the optimal root
length density as a function of depth

—llnE for0<z<h,

LV(Z) - i

(3.2)
and L,(2)=0 for z > I by definition. Substituting equation (3.2)
into equation (3.1) yields h = /2kW /().

It follows that the mean value of the optimal root
length density, L, = (1/h) j: L,dz = 1/k, revealing that L,
depends only on the resource capture coefficient k. This
implies that the average root length density is determined
solely by water capture rate of the root. Non-dimensionali-
zation of equation (3.2) using the mean root length density

leads to
L, =—Inz", (3.3)

where L =L,/L, and z*=z/h, implying that the distri-
bution of the dimensionless root length density decays

logarithmically with a scaled depth regardless of the factors
determining the root water uptake and growth.

3.2. Verification of theory with biological data

We compare the distribution of dimensionless root length
density of real plants with our theoretical prediction.
Figure 2 shows that the extensive data collapse onto a
single curve as predicted by equation (3.3) although the orig-
inal raw data exhibit a large scatter in the inset. While those
plants with fibrous root systems, wheat, maize, barley and
fescue, follow the optimum curve well, the plants with tap
root systems, soyabean and groundnut, slightly deviate
from the optimum curve (deviation less than 5%, figure 2b).
Although roots emerge from various root axes in the tap
root system of legumes, they tend to grow vertically in paral-
lel with uniform diameter, which corresponds to our
simplification of root architecture. Hence, normalized root
length density of soyabean is close to the optimum curve,
equation (3.3), as shown in figure 2b.

4. Artificial root systems
4.1. Measurement of diffusivity

We further tested our theoretical model using the artificial
roots embedded in packed glass beads as shown in
figure 3a (see appendix A for detailed description). One
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thread of artificial root consists of seven parallel cylindrical
holes of 900 um diameter surrounded by a nanofiltration
layer of polyethersulfone (a dotted box in figure 3a). The
threads were connected to the reservoir through flexible
tubes to drain water from the bead packing to the reservoir
as a siphon. We recorded the weight change of the bead con-
tainer over time, which is equivalent to the water mass
extracted from the bead packing.

To estimate the diffusivity of the bead packing, we first
measured the water uptake rate by evenly distributed artificial
roots that are identically 80 mm long, while changing the
number of root threads (N) (figure 3b). The mass of extracted
water follows M,,(t) = M[1 —exp (-=18.2D L,t)] as shown in
equation (2.7). The number of the root threads divided by the
cross-sectional area of the container is equivalent to the root
length density, so that L, = (1.2, 4.9, 11 and 20) x 10~* mm~2
for N=1, 4, 9 and 16 in our experiments. The solid lines
in figure 3b that best fit the experimental data in the form of
My (t) = My[1 — exp (=18.2DL,t)] allow us to obtain the diffu-
sivity as D =(1.08+0.11) x 10~ mm®s™" (estimated slope +
uncertainty, of the least-square fitting), as shown in figure 3c.
Here, we took the maximum mass of extractable water in a
layer, My,=M,,/¢ as 2.86g, a value corresponding to the
broken line in figure 3b. For the duration of our experiments,
T=190s, k is given by 18.2DT = (3.73+0.38) x 10~ mm”.

4.2. Optimization in a finite number of soil layers
We consider a finite number of soil layers rather than the
continuous ones for the design of artificial root systems.
The discretized objective function and constraint are then
given by

n
By =) (1-e*)Az “.1)
i=1
and
n
> 2mazLy Az = Wy, 4.2)

i=1

where 1 is the number of soil layers, Az is the thickness of
each soil layer, z; is the depth of ith layer and L, is the
root length density in ith layer. Applying the method of
Lagrange multipliers, we obtain the solution of the form
similar to that of the continuous model, which is given by

1 Azi
LV,i = — Eln (E)l (43)
where hy ~ \/2kW;/(mm) is the depth of an optimized
artificial root system.

4.3. Optimal design for artificial roots

We now change the length distribution of the artificial root to
see its effects on the water extraction rate. We tested four
different distributions with the identical cost or depth-
weighted root volume Q, where = Z?:l ziLyiAz with
z;, Ly,;, and Az being the depth of ith layer, the root length den-
sity at ith depth, and the depth of a single layer
(10 mm), respectively.

We designed four different distributions of artificial roots
that have the same cost of construction. We regarded the
entire domain as being composed of eight independent layers.
We solved the discrete version of the optimization problem to
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Figure 4. Designs of artificial roots. (@) The distribution of the artificial root
units over depth. (b) Schematic of the different artificial root distributions.
The red colour indicates the impermeable coat. (c) Comparison between
the artificial root designs. The error bars represent the standard deviation
of the measurements. (Online version in colour.)

find the optimal distribution of the artificial root system

8
max Dy(Ly) =) (1 — e )Az
i=1

n
and subject to ZziLV,,-Az =W, Ly; >0foralli,
i=1
4.4
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where L, = (Ly1, Ly, ..., Lyg), k=(3.73 + 0.38) x 107! mm?, and
the constant W; is arbitrarily set to 9000 in order to generate
distributions of experimental convenience. We found that the
objective function under the constraint is maximized with
Lyopt=—(1/kIn((Azi)/hy) as predicted by equation (4.3). Lypt
is approximately equal to (7, 5, 4, 3, 3, 2, 2, 1) x L;, where L; =
1/90* mm™2 is the root length density when a single thread is
placed in a layer. The other equal-cost distributions are selected
as

Ly =0,9990,0,000L;
L,=44333,222)L (4.5)
and Ly3=(1,1,2,2,2,3,3,3)L;

where L, 3, L, and L3 denote shallow, deep (decreasing) and
deep (increasing) distribution, respectively (figure 4). Other
possible combinations of root placement would yield different
performances but not outperform the logarithmic distribution
as the optimization problem implies.

Figure 4c compares the amount of absorbed water by the
four root systems for 190 s. We see that the root system with
logarithmically decreasing L, absorbs more water than the
other distributions. The linearly decreasing L, exhibits the
second-best performance. A root system of decreasing L.
with deep roots is generally advantageous because of the
large water availability throughout the soil profile. Despite
the deep roots, however, the root system with increasing L,
cannot fully capture the available water due to lack of root
lengths. The distribution with abundant roots only in shallow
layers is disadvantageous because the water availability is
bounded in the limited region.

5. Conclusion

It has been reported that the vertical distribution of normal-
ized root length density of crops can be described by a
single mathematical curve [13,19]. Suggested functions that
fit the observed data have provided us with various appli-
cations that require accurate information of root
development and distribution [19,30,32]. Those empirical
relations, however, are unable to explain why the relative dis-
tribution of various crop species converges to a single
mathematical curve. Meanwhile, optimization models of the
root have been proposed based on various cost and benefit
functions [5-7,10,16,17], but they have lacked supporting
data.

The present model considers the cost and benefit of root
growth as simple mathematical functions while simplifying
the plant- and environment-specific morphology and architec-
ture. The spatio-temporal complexity of the soil environment
on the cost is regarded insignificant compared to the effects
of mechanical stress; for example, spatio-temporal change in
soil temperature is usually well within the optimal condition
for root growth [41,42]. On the other hand, mechanical stress
in the soil more than 10 cm from the top overwhelms the cell
wall yield threshold (0.3 MPa) [36].

We set an optimization problem to find root length density
distribution maximizing benefit (@) given a cost budget (W)
based on models concerning root water uptake and growth.
The optimal distribution is obtained by applying the vari-
ational principle, which is frequently employed for the
analysis of network systems in nature [43—45]. The solution,
L} = —Inz*, agrees well with the biological observation

(figure 2b), and the experimental results using an artificial
root system. Although the form of root network of mature
plants is a cumulative result of the complex dynamics of
growth under local environmental conditions as well as the
genetics [2,3,46,47], our study explains the characteristics of
root distribution of each species and suggests a rational path-
way to understand botanical morphogenesis.

Our model reveals that deep root proliferation may not be
cost-effective contrary to the common belief that plants with
dense deep roots are advantageous for water capture. In the
case of the transgenic groundnut shown in figure 2b, root
length density severely deviates from the optimum curve,
implying cost-inefficient water uptake by those transgenic
crops. Although it was shown that they could extract more
water than wild-types [1], their root systems are not necess-
arily efficient when considering the cost of root construction.
Adapting crops to water stress via transgenic and/or breeding
approaches has often overlooked overall effects of transgenic
events including the metabolic costs [16] and hydraulic charac-
teristics in plant scale [48]. Therefore, the degree of deviation
from the optimal design derived from the model might be par-
ticularly useful for agricultural practice such as crop breeding
to improve crops against water deficits.

In recent years, various plant-inspired systems have been
designed and built to reproduce biological phenomena in the
laboratory, which include transpiration [49,50], phloem load-
ing [51] and cavitation in the xylem [52]. Our root-mimicking
system enables us to control and observe the root water
uptake, which might have potential as a testbed for artificial
roots before actual crop breeding.

The design principle captured by the minimal model
suggests a strategy to achieve cost-effective transport in mul-
tiscale porous media considering the cost as well as the
performance. Reducing the resistance in deep soil, for
example, by generating macropores [39], would lead to
deep root proliferation and securing more water. One can
consider manipulating the root genetically [1,4] so as to facili-
tate root elongation in mechanically stressed conditions. We
also note that soilless cultivation, which is increasingly
important in food production industry, now aims to tailor
plants to maximize their yield [53]. Such technology can
also benefit from our theoretical framework to seek optimal
root length distribution with modified benefit and cost func-
tions. In particular, the contribution of soil resistance in the
cost function would be mitigated in soilless cultivation, requir-
ing us to identify the pertinent costs for root growth whose
candidates include metabolic cost of tissue growth and main-
tenance. Those efforts would allow for the innovation in
agriculture against the intensive irrigation and help to resolve
the global water and food crisis [48,54,55]. In addition, the
design principle can lead to various cost-effective heat and
mass transport systems in porous media [56].
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Appendix A. Degree of deviation of root length
density distribution from optimum

We suppose a distribution of normalized root length density
in the form of L} , = —nInz*, where n equals unity for opti-
mal distribution and differs from unity for non-optimum.
Given a construction cost W, maximum depth of the subopti-
mal root system, h, is given by h=[2kW/ (zan)]'/? because
W= fg‘ 2mazLy,,(z)dz = manh? /(2k) where L, = —(n/k)In(z/h).
In addition, the proportional water capture of a root
system, @,, is obtained as @,=mnh/(n+1) by substituting
L,,=—-m/bIn(z/h) into &, = [1 — exp (- kLy,) dz. Because
h~n12 D, ~1n"2/(n+1) and it has the global maximum
at n=1. The degree of deviation of root length density
distribution from optimum, ¢, is defined as the scaled differ-
ence of the amounts of water capture of optimum (&) and
non-optimum (@,), €= (®; — @,)/ P, which is then given by

2n1/2

e=1- A1)

Appendix B. Experiments using the artificial
roots embedded in glass beads

An acrylic container with a size of 90 x 90 x 80 mm in length,
width and height, respectively, was prepared. After drilling
nine holes on the bottom of the container, we covered the
bottom with a wired mesh. Quasi-monodisperse beads with

a diameter range between 70 and 110 mm filled the container.
Cylindrical artificial roots (Multibore 0.9 membrane, Inge
GmbH) were bonded with 19 G syringe needles by an epoxy
adhesive. The other end of the roots was blocked by applying
the epoxy adhesive to guide only the side wall of the mem-
brane to absorb water. The syringe needles were connected
to a reservoir placed 320 mm below the top surface of the
beads through the flexible polymer tubes with an inner diam-
eter of 0.7 mm. Water was supplied on the top surface of the
bead packing, and drained through the mesh on the holed
bottom while tubes were blocked, which determined the initial
water content in the bead packing. When the tubes opened,
water in the bead packing was allowed to flow toward the
reservoir. Weight change of the acrylic box being drained
was recorded by an electronic scale (PAG4102, Ohaus).

Appendix C. References for root length density
data of each plant species

Table 1. References for root length density data of each plant species.

species reference

Triticum aestivum L. [39,57-60]
Zea mays L. [61,62]
Hordeumvulgare [6263] L
Festuca arundinacea [64,65]
Glycmemax(L)Merr [6162] L
e hypogaea S [1] .

1. Architectural correlates of exploitation efficiency.

UK: Springer.
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